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The asymptotic sampling distribution of !̂ depends solely on the deÖnition of the estimand (i.e., the

nature of the thing weíre trying to estimate, !) and the assumption that the data constitute a random

sample. Before deriving this distribution, it helps to record the general asymptotic distribution theory that

covers our needs. This basic theory can be stated mostly in words. For the purposes of these statements,

we assume the reader is familiar with the core terms and concepts of statistical theory (e.g., moments,

mathematical expectation, probability limits, and asymptotic distributions). For deÖnitions of these terms

and a formal mathematical statement of the theoretical propositions given below, see, e.g., Knight (2000).

THE LAW OF LARGE NUMBERS Sample moments converge in probability to the corresponding

population moments. In other words, the probability that the sample mean is close to the population

mean can be made as high as you like by taking a large enough sample.

THE CENTRAL LIMIT THEOREM Sample moments are asymptotically Normally distributed (after

subtracting the corresponding population moment and multiplying by the square root of the sample

size). The covariance matrix is given by the variance of the underlying random variable. In other

words, in large enough samples, appropriately normalized sample moments are approximately Normally

distributed.

SLUTSKYíS THEOREM

(a) Consider the sum of two random variables, one of which converges in distribution and the other converges

in probability to a constant: the asymptotic distribution of this sum is una§ected by replacing the

one that converges to a constant by this constant. Formally, let aN be a statistic with a limiting

distribution and let bN be a statistic with probability limit b. Then aN + bN and aN + b have the same

limiting distribution.

(b) Consider the product of two random variables, one of which converges in distribution and the other

converges in probability to a constant: the asymptotic distribution of this product is una§ected by

replacing the one that converges to a constant by this constant. This allows us to replaces some

sample moments by population moments (i.e., by their probability limits) when deriving distributions.

Formally, let aN be a statistic with a limiting distribution and let bN be a statistic with probability

limit b. Then aNbN and aNb have the same asymptotic distribution.

THE CONTINUOUS MAPPING THEOREM Probability limits pass through continuous functions.

For example, the probability limit of any continuous function of a sample moment is the function

evaluated at the corresponding population moment. Formally, the probability limit of h(bN ) is h(b)

where plim bN = b and h(!) is continuous at b.

X is the matrix whose rows are given by X0
i and y is the vector with elements yi, for i = 1; :::; N . The sample moment
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Xiyi is X0y=N . Then we can write (̂ = (X0X)"1X0y, a familiar matrix

formula.
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THE DELTA METHOD Consider a vector-valued random variable that is asymptotically Normally dis-

tributed. Most scalar functions of this random variable are also asymptotically Normally distributed,

with covariance matrix given by a quadratic form with the covariance matrix of the random variable

on the inside and the gradient of the function evaluated at the probability limit of the random vari-

able on the outside. Formally, the asymptotic distribution of h(bN ) is Normal with covariance matrix

rh(b)0&rh(b) where plim bN = b, h(!) is continuously di§erentiable at b with gradient rh(b), and bN

has asymptotic covariance matrix &.5

We can use these results to derive the asymptotic distribution of !̂ in two ways. A conceptually straight-

forward but somewhat inelegant approach is to use the delta method: !̂ is a function of sample moments,

and is therefore asymptotically Normally distributed. It remains only to Önd the covariance matrix of the

asymptotic distribution from the gradient of this function. (Note that consistency of !̂ comes immediately

from the continuous mapping theorem). An easier and more instructive derivation uses the Slutsky and

central limit theorems. Note Örst that we can write

yi = X
0
i! + [yi #X

0
i!] $ X

0
i! + ei, (3.1.6)

where the residual ei is deÖned as the di§erence between the dependent variable and the population regression

function, as before. This is as good a place as any to point out that these residuals are uncorrelated with the

regressors by deÖnition of !. In other words, E[Xiei] = 0 is a consequence of ! = E[XiX0i]
"1E[Xiyi] and

ei = yi#X0i!, and not an assumption about an underlying economic relation. We return to this important

point in the discussion of causal regression models in Section 3.2.6

Substituting the identity 3.1.6 for yi in the formula for !̂, we have

!̂ = ! +
hX

XiX
0
i

i"1X
Xiei.

The asymptotic distribution of !̂ is the asymptotic distribution of
p
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Xiei.

By the Slutsky theorem, this has the same asymptotic distribution as E[XiX0i]
"1 1p

N

P
Xiei. Since E[Xiei] =

0, 1p
N

P
Xiei is a root-N -normalized and centered sample moment. By the central limit theorem, this is

asymptotically Normally distributed with mean zero and covariance matrix E[XiX0ie
2
i ], since this fourth mo-

ment is the covariance matrix of Xiei. Therefore, !̂ has an asymptotic Normal distribution, with probability

limit !, and covariance matrix
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i]
"1: (3.1.7)

The standard errors used to construct t-statistics are the square roots of the diagonal elements of this

5For a derivation of the the delta method formula using the Slutsky and continuous mapping theorems, see, e.g., Knight,

2000, pp. 120-121.
6Residuals deÖned in this way are not necessarily mean-independent of Xi; for mean-independence, we need a linear CEF.


